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The energy of a digraph D is deﬁned as E(D) = ∑ni=1 |Re(zi)|, where
z1, . . . , zn are the eigenvalues of D. In this article we ﬁnd lower
bounds for the energy of digraphs in terms of the number of closed
walks of length2, extending in thisway the result obtainedbyCapo-
rossi et al. [G. Caporossi, D. Cvetkovic´, I. Gutman, P. Hansen, Variable
neighborhood search for extremal graphs. 2. Finding graphs with
extremal energy, J. Chem. Inf. Comput. Sci. 39 (1999) 984–996]:
2
√
m E(G) for all graphs Gwithm edges. Also, we study digraphs
with three eigenvalues.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
A directed graph (or just digraph) D consists of a non-empty ﬁnite set V of elements called vertices
and a ﬁnite set A of ordered pairs of distinct vertices called arcs. Two vertices are called adjacent if
they are connected by an arc. If there is an arc from vertex u to vertex v we indicate this by writing
uv. A walk π of length l from vertex u to vertex v is a sequence of vertices π : u = u0,u1, . . . ,ul = v,
where ut−1ut is an arc of D for every 1 t  l. If u = v then π is a closed walk. If u = v but ui /= uj for
i /= j(i, j = 1, . . . , l) then π is a cycle of D. A linear directed graph is a digraph which consists of cycles.
A digraph D is strongly connected if for every pair of distinct vertices u, v of D, there exists a walk
from u to v and a walk from v to u. A strong component of a digraph D is a maximal subdigraph with
respect to the property of being strongly connected.
A digraph D is symmetric if uv ∈ A then vu ∈ A, where u, v ∈ V . A one to one correspondence
between graphs and symmetric digraphs is given by G↔G , where
↔
G has the same vertex set as the
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graph G, and each edge uv of G is replaced by a pair of symmetric arcs uv and vu. Under this correspon-
dence, a graph can be identiﬁed with a symmetric digraph.
The adjacency matrix A of a digraph D whose vertex set is {v1, . . . , vn} is the n × n matrix whose
entry aij is deﬁned as
aij =
{
1 if vivj ∈ A
0 otherwise
The characteristic polynomial |zI − A| of the adjacency matrix A of D is called the characteristic poly-
nomial of D and it is denoted byD = D(z). Recall the coefﬁcient theorem for digraphs [3, Theorem
1.2]: if
D(z) = zn + a1zn−1 + a2zn−2 + · · · + an−1z + an
then ai =
∑
L∈Li(−1)c(L) for every i = 1, . . . ,n, whereLi denotes the set of all linear directed subgraphs
of Dwith i vertices; c(L) is the number of components L has.
The eigenvalues of A are called the eigenvalues of D. We will use the notation
σ(D) =
(
z1 · · · zn
m1 · · · mn
)
to indicate the spectrum of D: the ﬁrst row are the eigenvalues of D and the second row their algebraic
multiplicities.
The energy E(G) of a graph G [5] is deﬁned to be the sum of the absolute values of the eigenvalues
of A. For a survey of the mathematical properties of the energy we refer to [6]. Several extensions of
the energy of a graph have appeared recently in the literature (see [8,9]). It is well known [2] that if G
is a graph with n vertices then
E(G) = 1
π
∫ ∞
−∞
(
n − ix
′
G(ix)
G(ix)
)
dx
In the case of a digraph Dwith n vertices, it was shown [10]
1
π
∫ ∞
−∞
(
n − ix
′
D(ix)
D(ix)
)
dx =
n∑
i=1
∣∣Rezi∣∣
where z1, . . . , zn are the (possibly complex) eigenvalues of the digraph D and Rezi denotes the real part
of zi. Consequently, the concept of energy was naturally extended to digraphs [10] as
E(D) =
n∑
i=1
∣∣Rezi∣∣
For further results in the study of the energy of digraphs we refer to [7,11].
In this article we ﬁnd lower bounds for the energy of digraphs in terms of the number of closed
walks of length 2, extending in this way the result obtained by Caporossi et al. [1]: 2
√
m E(G) for all
graphs Gwithm edges; equality holds if and only if G is a complete bipartite graph. More precisely, we
prove in Corollary 2.2 that if a digraph D has c2 closed walks of length 2 then
√
2c2  E(D). Moreover,
equality holds if and only if D is acyclic or D has eigenvalues −
√
c2
2
and
√
c2
2
of algebraic multiplicity 1,
and the eigenvalue 0 of algebraic multiplicity n − 2, where n is the number of vertices of D.
This result motivated us to study digraphs with three eigenvalues in the second part of the article.
Although we were not able to characterize these digraphs, we present an algortihmic method to con-
struct such (non-symmetric) strongly connected digraphs with any number of vertices (see Examples
3.2 and 3.4). Also, in Proposition 3.6 we give necessary conditions for a strongly connected digraph to
have three eigenvalues.
2. Lower bounds for the energy of digraphs
Recall that a matrix A is nilpotent if Aq = 0 for some positive integer q. Clearly, a complex matrix A
is nilpotent if and only if all eigenvalues are zero. We denote by tr(A) the trace of the matrix A.
2176 J. Rada / Linear Algebra and its Applications 432 (2010) 2174–2180
Theorem 2.1. Let A be a n × n complex matrix with eigenvalues z1, . . . , zn. Then⎛
⎝ n∑
i=1
∣∣Rezi∣∣
⎞
⎠
2
 2Retr
(
A2
)
− (Retr(A))2 (1)
Equality holds if and only if A is nilpotent or all z1, . . . , zn are real, only two eigenvalues are nonzero and
they have opposite signs.
Proof. We have
(Retr(A))2 =
⎛
⎝ n∑
i=1
Rezi
⎞
⎠
2
+ 2
∑
i< j
(Rezi)
(
Rezj
)
Thus, by the triangular inequality
⎛
⎝ n∑
i=1
∣∣Rezi∣∣
⎞
⎠
2
=
n∑
i=1
(Rezi)
2 + 2
∑
i< j
∣∣Rezi∣∣ ∣∣Rezj∣∣

n∑
i=1
(Rezi)
2 + 2
∣∣∣∣∣∣
∑
i< j
ReziRezj
∣∣∣∣∣∣
2
n∑
i=1
(Rezi)
2 − (Retr(A))2
Now, in view of
Retr
(
A2
)
=
n∑
i=1
(Rezi)
2 −
n∑
i=1
(Imzi)
2 
n∑
i=1
(Rezi)
2
we obtain (1).
Assume that A is not nilpotent and equality holds in (1). Then
∑n
i=1(Imzi)2 = 0, thus all z′is are real.
We also have
∑
i< j
∣∣Rezi∣∣ ∣∣Rezj∣∣ =
∣∣∣∣∣∣
∑
i< j
ReziRezj
∣∣∣∣∣∣
This is possible only when all products ReziRezj have the same sign, i.e., all the z
′
i
s have the same sign,
or only two of them are nonzero and have opposite signs. Since
2
∣∣∣∣∣∣
∑
i< j
ReziRezj
∣∣∣∣∣∣ =
n∑
i=1
(Rezi)
2 −
⎛
⎝ n∑
i=1
Rezi
⎞
⎠
2
implies that
∑
i< j ReziRezj <0, we see that precisely two eigenvalues are nonzero and have opposite
signs. 
Corollary 2.2. If D is a digraph (with no loops) with c2 closed walks of length 2 then
E(D)
√
2c2 (2)
Furthermore, E(D) = √2c2 if and only if D is acyclic or
σ(D) =
(
−
√
c2
2
0
√
c2
2
1 n − 2 1
)
(3)
where n is the number of vertices D has.
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Proof. If A is the adjacency matrix of D then Retr(A) = 0 and Retr(A2) = c2. Hence (1) implies (2). If
E(D) = √2c2 then by Theorem 2.1, either A is nilpotent (i.e. D is acyclic) or D has spectrum of the form
σ(D) =
(−z1 0 z1
1 n − 2 1
)
where z1 /= 0 is real. Hence the characteristic polynomialD(z) of D is
D(z) = (z − z1) (z + z1) zn−2 = zn − z21zn−2
It follows from the coefﬁcient theorem for digraphs that z1 =
√
c2
2
and we are done. 
Remark 2.3. Corollary 2.2 generalizes Caporossi et al. [1] lower bound for the energy of a graph:
2
√
m E(G) for all graphs G withm edges
Equality holds if and only if G is a complete bipartite graph. In fact, let G be a graph withm edges and
consider
↔
G the symmetric digraph associated to G. Note that c2 = 2m in
↔
G . Hence E(G) = E
(↔
G
)

√
2c2 = 2
√
m. To see the second part, if E(G) = 2√m then E
(↔
G
)
= √2c2 and so ↔G has spectrum (3).
Since
↔
G is a symmetric digraph, it follows from [4] that G is a complete bipartite graph.
3. Digraphs with three eigenvalues
We now examine digraphs whose spectrum is given by (3). Let
↔
K
r,s
denote the symmetric digraph
associated to the complete bipartite graph Kr,s. By Doob’s result ([4], see also [3, Theorem 6.5]), the
spectrum of a symmetric digraph Dwith n vertices is
σ(D) =
(
−
√
c2
2
0
√
c2
2
1 n − 2 1
)
if and only if D is the direct sum of
↔
Kr,s
(
rs = c2
2
)
and n − (r + s) isolated vertices.
We next show examples of non-symmetric digraphs.
Example 3.1. A digraph D with n vertices whose strong components are
↔
Kr,s (where rs = c22 ) and
isolated vertices has spectrum given by (3). This is because D(z) = zn−r−s↔
K r,s
(z) and σ
(↔
Kr,s
)
=(−√rs 0 √rs
1 r + s − 2 1
)
.
Not all digraphs with spectrum given by (3) are of the form of Example 3.1, as we can see in the
following example.
Example 3.2. Let k be a positive integer and n an even positive number such that n 2k. There exists
a strongly connected digraph D with n vertices such that D has spectrum (3), where k = c2
2
. In fact,
consider the digraph shown in Fig. 1.
We labelled in bold numbers the symmetric arcs 1,2, . . . ,k − 1,k. Since every arc of D belongs to a
cycle then D is strongly connected. On the other hand, it is clear that n = 2m + 2k − 4. In the table
below we describe the cycle structure of D.
2 4 6 · · · 2m 2m + 2 2m + 4 · · · 2m + 2j · · · n
k k − 1 k − 1 · · · k − 1 k − 2 k − 3 · · · k − j − 1 · · · 1
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v 
k-2 
2
1 
m m-1 3 2 1 
k 
3
k-1 
Fig. 1. Digraph with three eigenvalues and even number of vertices.
Fig. 2. Digraph with three eigenvalues and 14 vertices.
There are k cycles of length 2, k − 1 cycles of length 2t for 2 t  m, and k − j − 1 cycles of length
2m + 2j for 1 j  n−2m
2
. Note that every cycle of D contains vertex v, except for the cycle of length
2 indicated by k in the ﬁgure. For an integer r  2, let L∗
2r
be the set of elements of L2r which are not
cycles and C2r the set of cycles of length 2r. Then every element ofL∗2r is the direct sum of k and a cycle
of length 2r − 2 which does not contain an end-vertex of k. It is not difﬁcult to see that |L∗
2r
| = |C2r |.
Consequently, for r  2 the coefﬁcient a2r of the characteristic polynomial of D is
a2r =
∑
l∈L2r
(−1)c(L) =
∑
l∈L∗
2r
(−1)c(L) +
∑
l∈C2r
(−1)c(L)
Since every element ofL∗
2r
has two components and every element of C2r has one component, it follows
that a2r = |L∗2r | − |C2r | = 0. Therefore,D(z) = zn − c22 zn−2 and we are done.
Example 3.3. Let k = 5 and n = 14. Thenwe can construct a strongly connected digraphwith 14 verti-
ces and ﬁve cycles of length 2 as follows: in this casem = n+4−2k
2
= 4. Then the digraph shown in Fig. 2
has spectrum
σ(D) =
(−√5 0 √5
1 12 1
)
Example 3.4. Example 3.2 can be stated also for n odd. In this case we consider the digraph shown in
Fig. 3.
Corollary 3.5. Among digraphs with c2 closed walks of length 2, the digraphs constructed in Example 3.2
and 3.4 have minimal energy.
Proof. Immediate consequence of Corollary 2.2. 
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Fig. 3. Digraph with three eigenvalues and odd number of vertices.
It would be interesting to characterize strongly connected digraphs with spectrum given by (3).
A necessary condition is given in the next result. We denote the diameter of a digraph D as diam(D),
the largest distance between the vertices in D. Also we need the following definition: D is a cyclically
2-partite digraph if the vertex set V of D can be partitioned into non-empty disjoint sets V1 and V2, so
that every arc of D has one end in V1 and the other end in V2.
Proposition 3.6. Let D be a strongly connected digraph with spectrum (3). Then D is cyclically 2-partite
digraph such that diam(D) m − 1, where m is the degree of the minimal polynomial of the adjacency
matrix of D.
Proof. That D is cyclically 2-partite digraph is a direct consequence of [3, Theorem 3.5], sinceD(z) =
zn−2
(
z2 − c2
2
)
. On the other hand,
Am = c2
2
Am−2 (4)
and since D has three eigenvalues then m 3. Assume that there exists vertices i and j such that the
distance between them is s  m. Then by Cvetkovic´ et al. [3, Theorem 1.9] the entry a(s)
ij
of the power
matrix As is different from zero and a
(k)
ij
= 0 for every 1 k  s − 1. But from (4) and the fact that
s − m 0 we deduce that As = c2
2
As−2. This is a contradiction since a(s)
ij
/= 0 and a(s−2)
ij
= 0. 
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